Motivated by applications in which a nonholonomic robotic vehicle should sequentially hit a series of waypoints in the presence of stochastic drift, we formulate a new version of the Dubins vehicle traveling salesperson problem. In our approach, we first compute the minimum expected time feedback control to hit one waypoint based on the Hamilton-Jacobi-Bellman equation. Next, minimum expected times associated with the control are used to construct a traveling salesperson problem based on a waypoint hitting angle discretization. We provide numerical results illustrating our solution and analyze how the stochastic drift affects the solution.
INTRODUCTION
The problem of navigating a nonholonomic robotic vehicle or small aerial vehicle through a series of waypoints in minimum time has recently received much attention. Applications include target surveillance by mobile sensors and small aerial vehicles [1, 2] , vehicle routing [3] , and environmental sampling [4] , for example.
The kinematics of the robotic vehicles is often approximated by that of a Dubins vehicle [5] , which is constrained to move at fixed speed in the direction of its heading angle along paths of bounded curvature. The problem of finding the shortest path for the Dubins vehicle through a series of points has been extensively analyzed [6, 7] and has become known as the Dubins Traveling Salesman Problem (Dubins TSP [or DTSP] ). Variations on this problem have considered worst-case bounds [8] for the DTSP and include extensions for multiple vehicles [9] and for other dynamical systems [10, 11] .
Recent interest has paid particular attention to the stochastic case, in which the waypoint locations arise from a spatial or spatio-temporal stochastic process, and a DTSP is formulated minimize the expected time to hit or service all waypoints [6, 7, 12, 13] . However, in each of these stochastic DTSPs, the stochasticity arises in the locations of the stationary waypoints, while the motion of the vehicle is deterministic. The scenario in which the relative motion between the Dubins vehicle and the waypoints is stochastic has alluded attention in literature thus far. Therefore, in this paper, we provide a method for a Dubins vehicle under the influence of stochasticity to plan and execute a closed path (tour) through a series of waypoints before returning to the initial location in minimum (expected) time. In reality, it may be difficult for the Dubins vehicle to follow a prescribed sequence of points due to stochastic drifts. Because the stochastic drift can influence the tour taken by the Dubins vehicle in practice, our offline approach based on the Hamilton-JacobiBellman equation takes into account the possibility for the vehicle to be "blown" off course by the stochastic effects when approaching a waypoint, and we further include the possibility for a waypoint to be hit at a heading angle that was not intended. Previous work for a Dubins vehicle to hit a single waypoint in minimum expected time in the presence of stochastic drifts can be found in [14] , and see [4] for the case of an a priori fixed tour. This paper is organized as follows. In the following section, we formulate the problem and describe how it may be decoupled in terms of a stochastic optimal control problem and a subsequent traveling salesperson optimization problem. Next, we describe how these two stages are linked through an appropriate selection of the state space variables. We then present in more detail the stochastic optimal control problem and the TSP problem. We provide simulations based on our proposed method, and finally, we conclude with a discussion our findings and provide directions for future research.
PROBLEM FORMULATION
Here we formulate the problem of navigating a Dubins vehicle in the presence of stochastic drift to visit a series of waypoints and then return to its initial position (e.g., a runway or dock) in minimum expected time.
The Dubins vehicle has position (x(t), y(t)) and moves in the direction of its heading angle θ(t) at fixed speed v relative to the stochastic drift so that its kinematics is described by the equations
where σ is a known noise intensity of the stochastic drift, and where dw x and dw y are mutually independent increments of a standard Wiener process. This type of stochasticity could arise in the model of an uncertain drift field in which the Cartesian components of the drift are assumed to be independent, with zero mean, and with known variance, for example. The feedbackcontrolled turning rate is u, which is bounded as
The positions of N waypoints are fixed at (x i , y i ), i = 1, . . . , N. The evolution equations for the Cartesian components of the distance to a waypoint i, ∆x i (t) = x i − x(t) and ∆y i (t) = y i − y(t), are
where we have chosen to use the symmetry of the Wiener process to revert the sign of the diffusion factor from (1)- (2) . The goal is for the Dubins vehicle to visit each of the N waypoints exactly once before returning to its initial state (x(0), y(0), θ(0)) in minimum expected time. In addition to the control variable u, we must compute the order in which the waypoints are visited. To this end, we enumerate the waypoints and define a sequence µ = (µ(1), . . . , µ(N)), where µ(1) = i denotes that the first waypoint index is i, µ(2) is the second waypoint index, and so on. Since the vehicle must return to its original location at the end of its tour, the sequence of waypoints to be visited is (µ(1), . . . , µ(N), N + 1), where N + 1 indicates an additional waypoint located at the state (x(0), y(0), θ(0)). To minimize the total expected time to traverse these waypoints under a control u, we can consider the cost function
where τ µ(0) = 0 and
is the first time that the Dubins vehicles enters into a disc of radius r 0 about the waypoint µ(k), and where τ N+1 is the time that the Dubins vehicle returns to its starting state. Since (7) requires minimization over both the control variable u and the possible permutations to the order assignment variables (µ(1), . . . , µ(N)), this is a nonstandard optimal control problem. We thus propose to solve the problem in two stages. The first stage is comprised of an optimal control problem for a Dubins vehicle to hit a single waypoint in minimum expected time in the presence of the stochastic drift. This allows us to simultaneously compute the optimal control and the expected time to a waypoint using that optimal control. Once these times have been computed, we construct a TSP to choose the optimal sequence of waypoints. In this second stage, the cost to go from one waypoint to the next (i.e., the edge time length) is based on the expected time under the stochastic optimal control. However, as we will see in the following section, the two stages must remain linked in terms of the heading angles at which the Dubins vehicle hits the waypoints.
STATE SPACE SELECTION
In Appendix A, we briefly describe the stochastic optimal control problem for a Dubins vehicle to hit a single waypoint i in minimum time. This results in a feedback control law u(∆x i , ∆y i , θ) for the turning rate of the vehicle. When this control is applied sequentially to drive the Dubins vehicle through multiple waypoints, the resulting trajectory is not necessarily the minimum-time trajectory for the sequence of waypoints. For example, in Figure 2 , it is seen that the heading angle at which the vehicle hits its first waypoint from the south determines the behavior of the vehicle through the next four. If the first waypoint were approached from the west direction, the trajectory would be much shorter, because the Dubins vehicle could continue straightforward to the second waypoint and so on.
Since the heading angle of the Dubins vehicle as it approaches one waypoint determines its state when it leaves that waypoint, we consider separate optimal control problems for different final heading angles, and these heading angles are incorporated into the TSP.
In this work, the optimal sequence of waypoints is computed offline and is not recomputed if the Dubins vehicle misses the waypoint due to stochastic effects, i.e., if it is "blown" off course. Consequently, by incorporating the stochasticity into the edge lengths, the time for traversing all waypoints (µ(1), . . . , µ(N), N + 1) includes the chance that the Dubins vehicle will miss a waypoint and have to circle back around. If, on the other hand, the Dubins vehicle hits the waypoint but at a heading angle that was not computed by our optimization, it can continue on to the next waypoint, although this may change the time required for the entire tour. To take this into account, we also consider an upper bound to the minimum expected total time based on the scenario in which the Dubins vehicle hits each of its waypoints at a costly heading angle. 
STOCHASTIC OPTIMAL CONTROL PROBLEM
Given the kinematics (4)- (6), we wish to minimize the expected time to drive the Dubins vehicle from any initial state to a waypoint i with a fixed final heading angle θ f . Then the state vector x(t) = [∆x i , ∆y i , θ] is independent of any other waypoints, and the minimum expected time to hit that waypoint is
where the stopping time to the waypoint is (cf. (8))
The (stochastic) Hamilton-Jacobi-Bellman (HJB) equation for the minimum expected time to hit the waypoint is 0 = min
with boundary condition
To solve this partial differential equation, we employ the Markov Chain Approximation method [15] , which ensures that the behavior of the spatially-discretized time to the waypoint function T (∆x i , ∆y i , θ|θ f ) is locally consistent the stochastic kinematics (4)- (6) . Transition probabilities for the controlled Markov chain we use to compute the control using the method are in
µ (2) T (·|θ 
TRAVELING SALESPERSON PROBLEM
Once the times (9) have been computed for K final heading angles, we construct a graph of NK + 1 nodes, K for each waypoint, and one extra node for the final position (i.e., the initial state). The K nodes for each waypoint are organized into clusters (see Fig. 4 ). The goal for this section is to find a tour that begins with the initial node, visits each of the N clusters exactly once, i.e., hits only one heading angle for each waypoint, and then returns to the initial node in minimum expected time.
The directed edge length c between two nodes i and j in different clusters, with initial and final heading angles k 1 and k 2 , respectively, are based on the expected minimum time to travel that route (9) and are chosen as
while the edge weights leaving and returning to the final node (N + 1) are
The edge weights between any two nodes that are part of the same cluster are set to be infinite. Our algorithm is similar to the heading angle discretization algorithm proposed in [8] , 
(A) MINIMUM-TIME PATH ASSUMING FIXED FINAL HEAD-ING ANGLE (RETURN PATH NOT SHOWN). STOCHASTICITY IS NOT SHOWN FOR ILLUSTRATIVE PURPOSES. (B) MINIMUM-TIME PATH UNDER WORST-CASE FINAL HEADING ANGLE
but, here, the edge lengths incorporate the stochasticity of the times required to travel the route. This problem to find the minimum expected time route through nodes with edge lengths (13)- (15) is the generalized asymmetric traveling salesperson problem (GATSP) [16] . This NP-hard problem is generally difficult to solve, but may be cast as a standard TSP with NK + 1 nodes through a clever transformation [17] that does not change the optimal tour. This allows us to efficiently solve the TSP with the so-called Helsgaun implementation of the Lin-Kernighan heuristic [18] with a computational complexity of approximately O (NK) 2.2 .
The above formulation will find a total expected minimum tour length based on the scenario where the Dubins vehicle hits its waypoint at the intended heading angle. However, since the waypoint may not be hit at its prescribed heading angle due to stochastic dynamics, we also wish to find the minimum expected time tour in the scenario where the actual hitting angle is adversarial, i.e., the most costly. To this end, we construct a TSP with N + 1 nodes, where the edge weights are
This formulation results in a standard TSP that we solve using [18] .
RESULTS
In this section, we provide examples of the solution using our approach and analyze the effect of stochastic dynamics on the heading angle. In all cases, σ = 0.2, v = 1, r 0 = 0.1, and K = 36 so that each θ f corresponds to 10 • intervals in [0, 2π). The formulated TSP problems were solved using [18] and required approximately 7.5 [s] for NK + 1 = 253 nodes, for example.
In Figure 5 , we show an example path generated by our proposed method assuming fixed heading angle and under a worst- case heading angle. In the former case, the optimal path is a straight line through the seven waypoints, while the worst-case scenario results in circuitous paths through the waypoints similarly to that in Figure 2 . Figure 6 shows a more complex path through five waypoints including the effects of the stochasticity. It is seen that in the stochastic case, the Dubins vehicle missed waypoint 5 and had to circle around. However, the chosen sequence of waypoints accounts for this possibility since the edge weights in the TSP were based on the expected minimum time.
We find that the heading angle of the Dubins vehicle when hitting the waypoint is only minimally different from the prescribed hit heading angle θ f , despite the relatively large influence of the stochastic motion (σ = 0.2) compared to the speed of the vehicle (v = 1). Figure 7(a) shows the distribution in the difference in the intended and actual heading angles when hitting a series of randomly-placed waypoints. This implies that the stochastic optimal control performs well in directing the Dubins vehicle heading angle to point toward the waypoint as it approaches, and, consequently, the TSP assuming that the indended heading angle is the final heading angle should generally be adequate. However, based on the multiple peaks seen in Figure 7(b) , the Dubins vehicle may have to make several attempts (i.e., circles around) to hit the target. Although this possibility is included in our expected minimum times, it suggests that a control strategy that is able to re-plan a sequence of waypoints upon missing one may be useful in a stochastic scenario.
Next, to compare the fixed final heading case to the worstcase heading scenario, we examine the expected times and optimal waypoint sequence based on the complexity of the trajectories in terms of the number of targets and the distance between targets. Figure 8(a) shows the difference between the minimum expected tour times for the fixed final heading case and the worstcase heading angle based on the distance between waypoints and the number of waypoints. To compare the waypoint order and heading angle (i.e., the nodes selected by the TSP algorithm) generated by the fixed final heading case to the worst-case heading angle TSP, we examine the Damerau-Levenshtein (DL) distance [19] between the two sequences, which corresponds to the minimum number of operations (e.g., substitution, transposition, etc.) to change from one sequence to the other. It is seen in Figure 8 (b) that the DL distance is largely independent of the distance between waypoints, but increases with number of waypoints. Consequently, the change in the DTSP solution due to stochastic dynamics appears to be independent of the Cartesian location of the waypoints.
DISCUSSION
This work considers the problem of navigating a Dubins vehicle on a tour through a series of waypoints in the presence of a stochastic drift. First, a stochastic optimal control problem is formulated to determine the minimum expected time required to visit one waypoint. These expected times are used as costs for a secondary traveling salesperson optimization problem in which the order of nodes to be visited is chosen based on a hitting angle discretization. The resulting tours (including waypoint ordering, incident heading angles, and paths) anticipate the effects of the stochasticity on the motion of the vehicle.
Future work will consider ways to compute a control for hitting a waypoint with maximum probability, or with minimal variance in the expected time. Moreover, the case where the waypoints are not stationary will be examined.
